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Exercise 1A

1 Let the velocity of P at time ¢ be vms™!
v=[adt=[3e"dr=-12e"*" + C

Whent=0,v=4
4=-12+C=C=16
v=16-12¢"*

The velocity of the particle at time  seconds is (16—12¢**)ms™
2 Let the displacement of P from O at time ¢ be x m.

x=[vdt = [tsintdt

Using integration by parts

x=—tcost+.[costdt=—tcost+sint+C
When t=0,x=0
0=0+0+C=C=0

X =—tcost+sint
T
When ¢t =—
2
T T . T
x=——cos—+sin—=1
2 2
Hence P is 1 metre from O, as required.

3 Let the displacement of P from point A at time ¢ be sm.

4
s=jvm=j515?u=2m@+2o+c

Whent=0,5=0
0=2In3+C=C=-2In3
(3+2¢)
=2In(3+2¢)—2In3=2In
$=2In(3+20) 3 )
When ¢t =3
(3+6)

§= 21HLTJ =21In3

So AB=2In3m

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Mechanics 3 Solution Bank @ Pearson

4 Let the velocity of P at time ¢ be vms™!
v=[adr=[4¢e"dr=8¢" +C

When t=0,v=0
0=8+C=C=-8
v=8¢—8

The distance moved in the interval 0 <7 <2 is given by

5= Iozvdt = J‘028e%t —8dt

l[ 2
=[16eE —8t} — (16¢' —16)-16
0
—166-32=11.5 (3 s.f)
The distance moved is 11.5m (3 s.f.).

5 a Let the acceleration of P at time ¢ be ams™
v=4cos3t

Soa= Q =-12sin3¢
dt
When ¢ = I
12
a= —12sinE =—12x L = —6\/5

1 V2

The magnitude of the acceleration when ¢ = % is 6+/2 ms™

4
b x=_[vdt=_[4cos3tdt=—sin3t+C
3
When t=0,x=0

0=%><0+C:>C:0

4 .
So x= Esm3t

¢ WhenPisat O, x=0

ngsin3t:O:>sin3t:0

T
The smallest positive value of 7 is given by 3t=n == 3
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6 V:J.adt=.[(2fl;2)2 t

o . o du
Using integration by substitution, let u =2+, s0 — =2t

v=| o cdr=| S o
(2+17) 2+1)

3 ~
:J.;du:.[.’)u 2 du
=—3u’1+C=C—§
u
B 3

244
When t=0,v=0

=C

dt

7 a For v=4, the graph is a straight line from (0, 4) to (3, 4).

3
For v=5- 7 the graph is part of a reciprocal curve joining (3, 4) to (6, 0.5)

v(msTt)A

4.5 "“"'""7—
4

)
(V1 N
O\Fi=wmmmimim e

Y

1(s)

b The distance moved in the first three seconds is represented by the area labelled (1).

Let this area be A1 ThenA1 =3x4=12

The distance travelled in the next three seconds is represented by the area labelled (2).

Let this area be 4>.

4, =j36[5—§] dr=[5-3In¢ ] =(30~3In6)~(15-3In3)

=15-3(In6-1In3)=15-3In2

So the displacement of P from O whent=61s (12+15-3In2)m =(27-3In2)m.
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1 1
8 a v=_[adt=_[sm—tdt=—2cos—t+C
2 2
Whent=0,v=0
0="2+C=>C=2
1
v=2-2cos—t
When t =27
v=2-2cost=2-(2x-1)=4
The speed of P when ¢ =2n is 4ms™!

b x:jvdt:j 2 2cost|dr=2¢—4sin s+ B
2 2
Whent=0,x=0
0=0-0+B=B=0

1
x=2t—4sin—t¢

When ¢ =

a |a

T 1
=2><——4sin—=n—4><—=n—2\/5
Y= 4 NG

The displacement of P from O when ¢ = g is (m— 2\/5) m.

9 a v=[ad:=[-4e""dt=-20e"" +C
When t=0,v=20
20=-20+C=C=40
v=40-20e"*

b x= jvdt = j(40—20e“’)dz =40t —-100e"* + B
Whent=0,x=0

0=0-100+B= B=100
x =40t —100e** +100

dx
The maximum value of x occurs when d_ =y=40-20e"* =0

—~ 021

= 0.2t =In2

=t =5In2

So the maximum value of x
=40x5In2-100 x e"*"* +100 = 200In2 — 100e"* + 100
=200In2-200+100=200In2-100

The maximum displacement of P from O in the direction of x-increasing is (2001n2 —100) m.
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10 3200
c+kt
When ¢ =0, v=40
4023200 o
c
So v=22 _3200(80+ kr)”
80+ kt
Hence a = 5 = ~32004(80 + kr)” =~ ook _
dr 80+ k)

Whent=0,a=-0.5

2
053200k, 05x80°
80 3200

Solution: ¢=80, k=1

2
b x=[v dt—_[ﬂdt—32001n(80+t)+14

Whent=0,x=0
0=3200In80+ A= A4=-32001n80

x=32001n(80 +7) — 3200 1n80 = 3200 In {80“]

a a=¥ o2 116415
dr
Whena=0

2¢ —11e'+15=0
(2¢' =5)e'-3)=0
e’ =2.5,3

t =In2.5,1n3

2t 2

e 15¢
b x=|vdt=|(e* =11 +15)dt=——11¢' +
Jvde=( )dr = ;
Whent=0,x=0

+C

0:1—11+0+C:C:2
2 2

e’ . 152 21
x=—-1le + +—
2 2 2

When ¢t =1n3

2In3 2
e o, 15003) +%

2 2
:%_33+ 15(In3) +% _15(In3)

X =
—-18~-8.95

As displacement is a positive quantity, the required distance is [18 ——15(1; 3) j m
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12a a=ﬂ=2+L
dt t+2

When ¢g=22

2+L=2.2:>t+2=i=5:>t=3
t+2 0.2

Note that if ¢ = —2.2, which also has a magnitude of 2.2 ms ™, then this gives

2+L=—2.2:>t+2=—iz>tz—2.24
t+2 42

So this is not a valid result as # > 0.

4
b x=[vdt =j1 (2t +1In(t+2))ds
Using integration by parts to work out the second term of the integral, with u =In(¢+2) and v=t¢
jln(t+2)dt =j1><1n(t+2)dz
2

=tln(t+2)—th2dt=tln(t+2)—j(l—t—2jdt
+ +

=tln(t+2)—t+2In(t+2)=(t+2)In(t+2)—t

Hence x = £ +(t +2)In(t+2)—]
=(16+6In6-4)—(1+3In3-1)

=12+6In6-3In3=12+3In6>—3In3

4
1

:12+31n(3—36j:12+31n12
So the distance moved by P in the interval 1 << 4 is (12 + 3Inl2) m.

13a v=3~-5t+2
When v=0
3t°—-5t+2=0
Bt-2)(t-1)=0
tzé,t=1
2
dv
a=—=
dt
When t=5, a=6x5-5=25ms™’

6r-5
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13 ¢ The velocity-time graph for the motion of the particle is:

VA
2 \ /
0 2/3\/1 r

The particle changes direction twice in the interval 0 <7 <5

Total distance travelled = [ (3¢ ~5t+2)dr— [ (3* ~5t+ 2)de + [ (3¢ ~51+2)ds

5

% 1
TP YY I IE T IV I E R
2 \ 2 ; 2 |

(ﬁ_ﬁ 4} (l_ﬁ Q_f\ 125—12—5 10-1]

3) 2727 2
14+1 144:28+1+3888:3917:72_5m(3s_£)
27 54 2 54 54

d Let the displacement of P from O at time ¢ be x m.
x=_[vdt=_[(3t2—5t+2)dt=t3—§t2+2t+C
Whent=0,x=0=C=0
Therefore x=¢ —%tz +2t = t(z‘z —%t+2}

If P returns to O, then x = 0 for some value of ¢ (¢ > 0).

5
Looking for solutions of #* — Et +2=0

2
N : . 2 2
The discriminant (b* —4ac) of this expression is (gj -8= 75 —37 = —%
As the discriminant is negative, this expression has no real roots. Therefore P never returns to O

for any > 0.
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14a For v =2¢(t-5), the graph is a quadratic, with a positive x* coefficient, from (0, 0) to (6, 12). It
cuts the x-axis at (0, 0) and (5, 0) and has a minimum at (2.5, —12.5)

72
For v= P the graph is part of a reciprocal curve joining (6, 12) to (12, 6)

velocity (ms™)4
12

12 ume (s)

-12.5+

b For0<¢<6, a =@ =4¢-10 This is positive when 47 <10, 1.e. 2.5<¢ <6

dt
For6<¢t <12, a= % = —% This is negative for all values of ¢

So the acceleration is positive for 2.5<¢ < 6

¢ The definite integral will be negative for the area below the x- axis in the graph in part a

Total distance traveued_—j (24> —=10¢)dt + j (242 —10)dt + j —dt

6

5
- _Fﬁ —Stﬂ +Ft3 —Stﬂ +[721n¢]]
3 6

3 0 5

=%—36 %+72ln12 7216

?—% 72(In12-1n 6) = (%Hzl 2)
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Challenge

a=ﬂ=6—2 fort > 2
dt Kkt
60 60
Sov=|—dt=——+C
© J‘kt2 kt
Whent=2, v=0
0=—@+C:>C=£
2k k
Whent=5 v=9
9:—@+C:>C:9+2
Sk k
So 9+2=£:>9=§:>k=2
k k k

AndC=%:>C=15

Sov:IS—E fort >2
t

ASO<£<15fort>2,|v|<15
t

So for ¢ > 2 the car never reaches a speed of 15 ms™!
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Exercise 1B

1
1 a=2+—x
2
4 lv2 =2+lx
dx\ 2 2
1, 1 X
% :j 24+—x |dx=2x+—+ A4
2 2 4
At x=0,v=5
1 2
—><25=0+0+A:>A=—5
2 2
x* 25

1
—v =2+ +=
4 2

V=2 4 4x 425
2

2 a=-4x

i(lvzj =—4x
dx\ 2

%vz =J.(—4)c)dx=—2x2 + A4
Atx=2,v=8

%x64=—8+A:>A=40

lv2 =-2x"+40
2

v =80—4x?

v =1(80—4x7)

1, =J.(4x’2)dx I SR
2 X

Atx=2,v=6
%x36=A—2:>A=20

1
Lo 2
2 X
Whenv=0
0=20-2o =21
X 20 5
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4 a=-25x

i(lvzj:—%x

dx\ 2

1, 25,
> —.[(—25x)dx——7x +A
Atx=0,v=40

%x1600=—0+A:>A=800

lv2 =—§x2+800
2 2
v’ =1600 —25x
Whenv =10
25x* =1600 = x* =64 = x =18
SoAB=16m
5 a a=—k’

i(lvzj =—Jx?
dx\ 2

1, ) kx?
—Vv =|(-kx")dx=——-+4
M Lt 3
Atx=0,v=16
%x256=—0+A:>A:128
3
Lo kg
2 3
Whenv =0, x =20
0=_8000k+128:>k=3><128=3x16=i
3 8000 1000 125
2
b From part a, lvz:—i><x——|-128:>vz=256—ix3
2 125 3 125
Atx=10

V=256 - — % 1000 = 256 — 32 = 224
125

v=4v224 = 14414
The velocity of Pat x =10 is +4/14 ms™ as the particle will pass through this position in
both directions.
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6 a=-8x
i(lvzjz—&f
dx\ 2
%vz =J.(—8x3)dx =-2x*+ 4
Atx=2,v=32

%x1024=A—32:>A=544

LRI YV
2

V2 =1088 — dx*
Whenv =28
64 =1088—4x* = x* =256

1

x=2564=4

7 a a=6sin£
3

i(lvzj — 6sin>
dx\ 2 3

lv2 :J. 6sin> |dx = —18cos>+ 4
2 3 3

Atx=0,v=4

%x16=—18+A:>A=26

1v2 = _18cos> +26
2 3

vi= 52—36005%

b The greatest value of v* occurs when cosg =-1

The greatest value of v is given by v* =52+36=88 = v = +/88 =+2+/22

So the greatest possible speed of P is 24/22 ms™ (2 9.38ms ™)
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8 a=2+3¢"

i(lvzj =2+3e™
dx\ 2

%vz :.[(2+3e”‘)dx:2x—3e”‘+A
Atx=0,v=2

%x4=0—3+A:>A=5

1
— V' =2x-3¢"+5
2
Vvi=4x—6e +10
Atx=3
Vi =12-6e” +10=21.701 3 d.p.)

v=+/21.701... =4.658 (3 d.p.)

The velocity of P at x =3 is 4.66 m s (3 s.f), in the direction of x increasing.

i(lvzj__ 4
dx\ 2 2x+1
1, 4
—v :j(— jdx:—2ln(2x+1)+A
2 2x+1

Atx=0,v=4

%x16=—0+A:>A=8

%vz =-2In(2x+1)+8

v =16-4In(2x +1)
At x=10
v’ =16-4In21=3.8219 (4 d.p.)
v=195ms™" (3s.f)
The speed of Pat x = 10 is 1.95ms™' (3 s.f)

b Whenv=0
0=16-4In2x+1)=In2x+1)=4
et -1

So 2x+l=¢'=x= =26.8 (3s.f)
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4
10a a=x——
X

2 2
1, = [(r—4x)dr :x—+2x’2+A:x—+%+A
2 2 2 X
Atx=1v=3
1 1
—X9=—+2+A4A=>A4=2
2 2
2
lvz:x—Jr%+2
2 2 X
2
v =x2+4+i2=(x+zj
X X
V=Xx+—
X

.. dv
b The minimum value of v occurs when — =g«

0

4 . )
x—-—=0= xt=4=x=2 (as P moves on the positive x-axis, x > 0)
X

At x=+2
2
v=\/§+$=\/§+\/§=2\/§

The least speed of P during its motion is 242 ms™

11a= —{10+%x}

i(lvzj = —IO—lx
de | 2 4

2
1 j(—m—lxjdx —10x-244
2 4 8

Atx=0,v=15

%x225=—0—0+A:>A:£

2
lv2 = —le—x—Jrg
2 8

v —225—20x_x_2__x2+80x—900 _ (x+90)(x~-10)
4 4 4
V:0:>x:10’ _90

As P is initially moving in the direction of x increasing, it reaches x = 10 before x =— 90. The
distance P moves before first coming to instantaneous rest is 10 m.
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12a a=6x'
d(1{j6ﬁ
dx\ 2

1 1 3 4
-’ =J.6x3 dx=6x +A:2x3 + 4
2 3 2

3

Vv =0y + B, where B=2A4
Atx=8,v=12
144 =9%x16+B=B=0

Wl

2
v =9x

dt
Separating the variables and integrating
[x7 de=[3de

3x' =3t+C
Whent=0,x=38

3x2=0+C=>C=6

3x* =31+6

X =42

x=(t+2)

Challenge

1
= 5(25—)6)

i(lvzj 25 _x

dx 10 10

LIPS LS FHNEL. B P
2 10 20

1
The maximum value of v occurs when % =a=0,a= 5(25 - x) =0=>x=25

Soatx=25v=12

2 p—
1122 25x25 25" A A 72_625:288 125=@
2 10 20 20 4 4

25x x* 163, 25x x 163 1[ x2j+1§§

Hence —v' =" 4— gov’ =" 2 4~ —_
2 10 20 4 5 10 2 5
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